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Computations of Stable Homotopy Groups
of Spheres and the Classification of Smooth

Structures

rof. WANG Guozhen, an
Poutstanding mathematician

from Fudan University, has
won the 2026 Tan Kah Kee Young
Scientist Award in Mathematics
and Physics for his research on
“Computations of Stable Homo-
topy Groups of Spheres and the
Classification of Smooth Struc-
tures” WANG and his collaborators
calculated the first 90 stems of the
stable homotopy group of spheres,
and established the deformation
idea in homotopy theory. In par-
ticular, they proved that there is
a unique differential structure on
the 61-dimensional sphere, which
is the last unknown case of the
smooth generalized Poincaré con-
jecture in odd dimensions.

What are “stable homoto-
py groups of spheres” Why do
mathematicians pursue such
issues? It is a long pursuit in to-
pology that can be traced back to
some prominent names in math-
ematics—for example, Euler.

Topology: Geometria
Situs

The notion of topology is very
ancient. In 1679, Leibniz has out-
lined a blueprint in his letters of
a theory of “Geometria Situs”, or
Geometry of Positions, which can
deal with relative positions and

adjacency directly as algebra.

One such an example is the
famous Euler’s formula for con-
vex polytopes. Proposed in 1750,
It says that, for any convex poly-
tope, the number of vertices, V,
the number of edges, E, and the
number of faces, F, satisfy the fol-
lowing relation: V-E+F=2.

This theorem does not de-
pend on the details of the geome-
try of the polytope, but concerns
on the relative positions of its
vertices. Euler did not give a
mathematically rigorous proof of
the formula. This was achieved
later by Legendre in 1794 using
geometric methods.

A fully “Geometria Situs” type
proof came much later.

In his famous paper “Anal-
ysis Situs” (1895) and its five sup-
plements (1899-1904), Poincaré
established modern notions of
topology. He introduced the pre-
liminary notions of “homology”.
Roughly speaking, homology
denotes the number of “holes” in
a space. Poincaré finds an algo-
rithm to compute these numbers
provided a space is decomposed
into a collection of simple com-
ponents, which is called a trian-
gulation in modern terms. In par-
ticular, for a polyhedron, we have
one 0-dimensional “hole” by con-
vention, no 1-dimensional holes,
and one 2-dimensional hole-the
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The Octahedron has V=6, E=12, F=8
(Image by WANG Guozhen)

hole bounded by the polyhedron.
Then Euler’s formula can be stat-
ed as: V-E+F equals the number
of even dimensional holes minus
odd dimensional holes.

This latter formula can be
generalized. For any space, if we
can decompose it into “cells”,
then we always have the formu-
la: the number of even dimen-
sional cells minus the number
of odd dimensional cells equals
the number of even dimensional
holes minus number of odd di-
mensional holes.

The right-hand side of the
formula is a topological invariant
of the underlying space, indepen-
dent of its geometric details as
well as its triangulation. Because
it is proposed by Euler, this num-
ber is named the Euler number.
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Geometry and Euler
Number

The Euler number is a very useful
invariant. In dimension 2, it is inti-
mately connected with geometry.

An illustrating example is the
wind field on the Earth. On each
position there is a direction of
wind. If we suppose that direc-
tion changes continuously with
the position, then there should
always be somewhere on the
Earth that is windless. In mathe-
matical terms, the association of
each point with a direction and
a length is called a vector field.
The Poincaré-Hopf theorem
(Poincaré, 1885; Hopf, 1926) says
that, for continuous vector fields,
the number of its zeros is always
equal to its Euler number, if we
count multiplicity correctly. For
the sphere, its Euler number is 2,
so on the Earth, there should al-
ways exist at least 2 windless plac-
es, or a “double” windless place.

On the other hand, on a to-
rus, whose Euler number is zero,
there could exist vector fields
without zeros: imagine a torus
shaped world where the wind
blows circularly.

The Euler number also
controls the curvature of the
surface. The curvature is a quan-
tity that measures how hard it
is to straighten it. The famous
Gauss-Bonnet theorem (Gauss,
1827; Bonnet, 1848) says that the
totality of the curvature through
the surface, i.e. the integral, is
proportional to its Euler num-
ber. This theorem is generalized
to higher dimensions by Chern
(1944). So the Euler number is
an obstruction to the flatness of
the space. Whenever the Euler
number is non-zero, when you
straighten it locally, it inevitably
introduces curvature at other

places, so that the totality of
the curvature is preserved.
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The Classification of
Surfaces

The classification of surfaces was
achieved in the latter half of the
19th century (Mobius, 1883; Jor-
dan, 1866; Dehn-Heegaard, 1907).

For oriented surfaces, i.e.
those surfaces which can be
painted red on one side and blue
on the other side, it turns out
that the Euler number is the only
topological invariant, which can
take the values 2, 0, -2, -4, .... For
example, the sphere has Euler
number 2, the torus 0, the double
torus -1. The surface obtained
from the sphere by digging g
holes has Euler number 2-2g, and
any oriented surface can be iden-
tified with one of them.

Classification of
Higher Dimensional
Spaces

With the success in dimension 2,
we would like to ask the question
in higher dimensions. It is hard
to conceive 3-dimensional spaces
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with non-trivial topology, partly
because we observe the world
with light-rays which forms a
“screen” of 2 dimensions. We can
regard the 3-dimensional sphere
as the one-point compactification
of the 3-dimensional Euclidean
space: just think of all “far away
points” to be regarded as one
point—the point at infinity.
Unlike the case of surfaces,
the classification of 3-dimension-
al spaces is significantly more
complicated. We are mainly con-
cerned with manifolds, i.e. those
spaces which locally look like
Euclidean spaces, usually with the
assumption of compactness and/
or suitable boundaries. While the
Euler number of 3-dimensional
manifolds (3-manifolds) always
vanishes, we have another pow-
erful invariant: the fundamental
group. That group is defined to
be the equivalent classes of closed
paths from a fixed point, where
we regard two paths equivalent
if they can be continuously de-
formed into each other. How
much the fundamental group dif-
ferentiates 3-manifilds is a subtle

The torus. It has two 1-dimen-
sional “holes”: one around the
vertical loop, the other around
the “handle”. Together with a
“0-hole” by convension, and the
2-dimensional “hole” inclosed
by the surface, we find it Euler
number to be 0. It is the unique
oriented closed surface with
Euler number 0.

(Image by WANG Guozhen)
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question. The Poincaré conjec-
ture asks if a closed 3-manifold
with trivial fundamental group
is necessarily a 8-dimensional
sphere. This was solved by Pere-
leman, after more than a century
since it was posed.

In general, we would like to
have the classification of even
higher dimensional manifolds.
The success in low dimensional
case suggests that we should look
at those invariants which are pre-
served by continuous demonstra-
tions, which are called homotopy
invariants. Homotopy is the the-
ory studying these invariants. By
constructing the homotopy cate-
gory of spaces, we have a univer-
sal theory encompassing all these
invariants, which in some sense
realizes Leibniz’s dreams. An iso-
morphism class in the homotopy
category is called a homotopy
type, which includes all spaces
which have the same value of all
homotopy invariants.

Does the homotopy type de-
termine the manifold? While this
is true in dimension 2, it is false in
general. The classification of man-
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ifolds with a fixed homotopy type
can be studied using the method
of surgery. Using surgery theory,
we can reduce the classification of
manifolds in dimension at least
5 into computations of algebraic
invariants such as stable homoto-
py groups and algebraic K theory.
The classification of 4-dimension-
al manifolds is subtler, and one of
the key pieces of the puzzle—the
classification inside h-cobordism
classes—is still missing.

The Generalized
Poincare Conjecture

One of the basic cases in classi-
fication of higher manifolds is
the homotopy spheres, which
is referred to as the generalized
Poincaré conjecture: Are closed
manifolds with homotopy type
of a sphere unique up to equiva-
lence, and if not, how to classify
them? The Poincaré conjecture is
the case in dimensional 3.

The problem also depends
on whether we require smooth
structures on the manifolds, i.e. if

we require the equivalences are
defined by differentiable func-
tions. In dimension at most 3, it
is shown by Moise that there is a
unique smooth structure, so the
smooth classification is the same
as the topological one. However,
beginning in dimension 4, it is
very common that inequivalent
smooth structures exist on the
same topological space.

The topological case of the
generalized Poincaré conjecture
is demonstrated true thanks
to works of Smale, Freedman
and Pereleman. So a homotopy
sphere is necessarily a topolog-
ical sphere. The smooth case
is subtler. Milnor showed that
the 7-dimensional sphere has
non-standard smooth structures,
so that the 7-dimensional smooth
Poincaré conjecture is false. Lat-
er Kervaire-Milnor developed
surgery theory and reduced the
smooth classification of homoto-
py spheres in dimension at least
5 into the following three prob-
lems: the image of ], the Kervaire
invariant, and the computations
of stable homotopy groups.

The number of smooth structures on spheres. The blue numbers indicate the dimension, and the black ones the number of smooth structures.
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The first problem was solved
by Adams, Quillen and Sullivan,
which completely determined
the structure of image of J. The
second problem is reduced to the
computation of an Adams differ-
ential by Browder, and the latter
is solved by Barratt-Mahow-
ald-Tangora, Barratt-Jones-Ma-
howald, Hill-Hopkins-Ravenel
and Lin-Wang-Xu.

The full computation of the
stable homotopy groups of the
spheres is still far from complete.
Before the 2000’s, only the first
45 stems of them were computed.
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